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Porous Media with Constant Surface Heat and Mass

Fluxes
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Abstract

This study examines the effects of transverse magnetic fields on the double diffusive convection about a
vertical cone in a doubly stratified porous medium with constant surface heat and mass fluxes. This paper uses
similarity variable to transform the governing partial differential equations into a system of ordinary differential
equations, which are solved numerically by the cubic spline collocation method. The effects of magnetic
parameters, thermal stratification parameters, mass stratification parameters, Lewis numbers, and buoyancy
ratios on the local surface temperature and the local surface concentration are studied. A comparison with
previously published results on the similar special cases shows an excellent agreement. The local surface
temperature tends to decrease as the thermal stratification parameter is increased. Moreover, an increase in the
mass stratification parameter leads to a decrease in the local surface concentration. Furthermore, increasing the
magnetic parameter tends to increase the local surface temperature and concentration.
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l. Introduction

The problems of the double diffusive natural convection in porous media saturated with fluids may be met
in real world. There has been considerable interest in studying flows and heat and mass transfer rates of double
diffusive natural convection in fluid-saturated porous media. The practical applications can be found in
geothermal energy technology, petroleum recovery, and underground disposal of chemical and nuclear waste.

Bejan and Khair [1] examined the heat and mass transfer by natural convection in a porous medium. Lai [2]
studied the heat and mass transfer by natural convection from a horizontal line source in saturated porous
medium. Nakayama and Hossain [3] examined the heat and mass transfer by natural convection in a porous
medium by integral methods. Singh and Queeny [4] studied the free convection heat and mass transfer along a
vertical surface in a porous medium. Yih [5] examined the coupled heat and mass transfer by free convection
over a truncated cone in porous media for variable wall temperature and concentration or variable heat and mass
fluxes. Yih [6] examined the uniform transpiration effect on coupled heat and mass transfer in mixed convection
about inclined surfaces in porous media for the entire regime. Cheng [7] presented the integral approach for heat
and mass transfer by natural convection from truncated cones in porous media with variable wall temperature
and concentration. Khanafer and Vafai [8] studied the double-diffusive mixed convection in a lid-driven
enclosure filled with a fluid-saturated porous medium. Rathish Kumar et al. [9] studied the effect of thermal
stratification on double-diffusive natural convection in a vertical porous enclosure. Cheng [10] studied the
combined heat and mass transfer in natural convection flow from a vertical wavy surface in a power-law fluid
saturated porous medium with thermal and mass stratification. Cheng [11] presented a nonsimilar boundary layer
analysis of double-diffusive convection from a vertical truncated cone in a porous medium with variable
viscosity. Mahdy [12] examined the effect of chemical reaction and heat generation or absorption on
double-diffusive convection from a vertical truncated cone in porous media with variable viscosity.

There are many papers studied the effect of magnetic fields on the flow and heat transfer in porous medium
saturated with electrically conducting fluid. Cheng [13] studied the effect of a magnetic field on heat and mass
transfer by natural convection from vertical surfaces in porous media by an integral approach. Chamkha and
Khaled [14] studied the hydromagnetic heat and mass transfer by mixed convection from a vertical plate
embedded in a uniform porous medium. Cheng [15] studied the hydromagnetic natural convection heat and mass
transfer from vertical surfaces with power law variation in wall temperature and concentration in porous media.
Cheng [16] examined the hydromagnetic mixed convection heat and mass transfer from a vertical surface in a
saturated porous medium Moreover, Muhaimin et al. [17] studied the thermophoresis and chemical reaction
effects on non-Darcy MHD mixed convective heat and mass transfer past a porous wedge in the presence of
variable stream condition.

The present work applies the similarity analysis to study the problem of heat and mass transfer by natural
convection from a vertical cone with constant wall heat and mass fluxes embedded in doubly stratified porous
media saturated with an electrically conducting fluid under the influence of a transverse magnetic field. The
calculated results obtained herein are compared with the similar solutions calculated by previous studies to
assess the accuracy of the present similarity method.

I1. Analysis

Consider the boundary layer flow due to natural convection heat and mass transfer from a vertical cone of
half angle A embedded in a porous medium saturated with an electrically conducting fluid subject to a uniform
transverse magnetic field with thermal and mass stratification. The origin of the coordinate system is placed at



HEG - FHESER TR 1 £ 2 A 2016 4£9 /111 3

the vertex of the full cone, with x being the coordinate along the surface of the cone measured from the origin
and y being the coordinate perpendicular to the conical surface, as shown in Fig.1 The surface of the cone is held
at a constant heat flux q,, while the porous medium temperature sufficiently far from the surface of the cone
T, (x) varies with the streamwise coordinate. The mass flux of a certain constituent in the solution that saturated
the porous medium is held at m,, near the surface of the cone while the concentration of this constituent in the
solution that saturated the porous medium sufficiently far from the surface of the cone C_(x) varies with the
streamwise coordinate.

The applied transverse magnetic field is assumed to be uniform and the magnetic Reynolds number is so
small that induced magnetic field can be neglected. Further, the external electric field is assumed to be zero and
the electric field due to polarization of charges is negligible. The fluid properties are assumed to be constant
except for density variations in the buoyancy force term. The thermal and concentration boundary layers are
assumed to be sufficiently thin compared with the local radius. Under the Boussinesq and the boundary layer
approximations, the governing equations for the flow, heat and mass transfer within the boundary layer near the
vertical cone can be written in two-dimensional Cartesian coordinates (x,y) as [5]

Fig.1 Flow configuration and coordinate system
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Here u and v are the volume-averaged velocity components in the x and y directions, respectively. T and C
are the volume-averaged temperature and concentration, respectively. Properties u#, p, o, and B, are the

solution viscosity, density, electrical conductivity, and magnetic induction, respectively. K and ¢ are the
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permeability and the porosity of the porous medium, respectively. Furthermore, f; and p. are the
coefficient of thermal expansion and the coefficient of concentration expansion, respectively. « and D are
the thermal diffusivity and mass diffusivity of the porous medium, respectively. g is the gravitational

acceleration.
The boundary conditions are given by

y=0: v=0 —k[ﬂJ =0, —D(@j =m, ©)]
6y y=0 y=0
y—>@: U0 TT,0+5x"3 C—>C,o+5:x"° (6)

where q,, m,, T,, and C,, are constants. S; and Sc are the thermal stratification coefficient and
mass stratification coefficient, respectively. Because the boundary layer thickness is small, the local radius to a
point in the boundary layer r can be represented by the local radius of the vertical cone,

r=xsinA @)

We introduce the similarity variables

Y 513 4 ;
77——Ra y f ” - 1/3 ! 0 ' m 8
X ( ) arRa 3 CWX WX ( )

Where  is the stream function defined as:

u-lov o tov ©)
r oy r ox
and the Rayleigh number is given by
2
Ra = I X G, COS A (10)

vak

Upon using these variables, the boundary layer governing equations can be written in non-dimensional

form as
f+M2)i' =0+ Ng (11)
o +210-St9-1s £ =0 (12)
3 3 3

¢” 5 ’ 1 ! 1 ’
St f—=fp—=S.f'=0 13
S ¢ 3 ¢ 3°C (13)
where primes denote differentiation with respect to #.
Moreover, the Lewis number, buoyancy ratio, square of the magnetic parameter, thermal stratification

parameter, and mass stratification parameter are respectively defined as

< 3
Le=2 N=Pe™K vz (koB? (o), s, = K1 (gKpra, 05 AY

D fr 6D Qulek}
S. = DS—C (gKﬁT Q. COS A)]/B (14)
¢ mw(vozk)]/3

The corresponding boundary conditions are given by

n=0: f=0, 0'=-1, ¢'=-1 (15)
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Table 1 Comparison of values of #(0)and #(0) for M=0, S =0, and S; =0.

N Le 6(0) #(0)

Yih[5] Present Yih[5] Present
4 1 0.6178 0.6178 0.6178 0.6178
4 10 0.9490 0.9489 0.2273 0.2273
4 100 1.0416 1.0416 0.0781 0.0781
1 1 0.8385 0.8384 0.8385 0.8384
1 10 1.0211 1.0211 0.2618 0.2618
1 100 1.0523 1.0522 0.0829 0.0829
0 1 1.0564 1.0564 1.0564 1.0564
0 10 1.0564 1.0564 0.2804 0.2804
0 100 1.0564 1.0564 0.0849 0.0849

n—w: f'>0, 850, ¢—>0 (16)

In terms of the new variables, the Darcian velocities in the x- and y-directions can be expressed as

2/3
Y 17)
X
aRa® (5, 1
v=— 2f-Zpf’ 18
< [3 3" j (18)

Results of practical interest are rates of heat and mass transfer from the wall to the fluid. The local Nusselt
number of the cone can be written as

Nu 1
Ra¥®  6(0) (19)

InEg. (19), Nu=hx/k where h is the local convection heat transfer coefficient.
The local Sherwood number of the cone can be written as

Sh 1

Ral® = m (20)

In Eq. (20), Sh:hmx/D where h,, is the local convection mass transfer coefficient.

I11. Results and Discussion

In Table 1, The transformed governing equations, Egs. (12) and (13), and the associated boundary
conditions, Egs. (15) and (16), can be solved by the cubic spline collocation method [18-20]. The velocity f' is
calculated from the momentum equation, Eq. (11). Moreover, the Simpson’s rule for variable grids is used to
calculate the value of f at every position from the boundary conditions, Egs. (15) and (16). The iteration process
continues until the convergence criterion for all the variables, 107°, is achieved. Variable grids with 300 grid
points are used in the #-direction. The optimum value of boundary layer thickness is used. To assess the
accuracy of the solution, the present results are compared with those obtained by other researchers. Table 1
shows the numerical values of 6(0) and ¢(0)for M=0, S. =0, and S; =0, the conditions for natural
convection heat and mass transfer of a vertical cone of Newtonian fluids in porous media with constant wall heat
and mass fluxes. It is shown that the present results agree well with the results reported by Yih [5].
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Fig.2 shows the effects of the magnetic parameter M on the temperature profile 6(;) near a vertical
cone. As the magnetic parameter is increased, the temperature distribution tends to increase, raising the thermal
boundary layer thickness and thus decreasing the local Nusselt number. Fig.3 shows the effects of the magnetic
parameter M on the concentration ¢(r) near a vertical cone. As the magnetic parameter is increased, the
concentration distribution tends to increase, raising the concentration boundary layer thickness and thus
decreasing the local Sherwood number.
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Fig.2 Effects of magnetic parameters on the temperature profile
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Fig.3 Effects of magnetic parameters on the concentration profile

Fig.4 shows the variation of the local surface temperature 9(0) with the magnetic parameter M for
different values of Lewis numbers Le. It is shown in Fig.4 that increasing the magnetic parameter M tends to
increase the local surface temperature, thus decreasing the local Nusselt number. That is because increasing the
magnetic parameter retards the fluid flow, thus decreasing the local convective heat transfer coefficient between
the porous medium and the conic surface. Comparing the three curves in Fig.4, we can deduce that as the Lewis
number is increased, the local surface temperature tends to increase, thus decreasing the local Nusselt number.
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Fig. 4 Effects of magnetic parameters on the local surface temperature

Fig.5 depicts the local surface concentration ¢(O) as a function of the magnetic parameter M for various
values of Lewis numbers Le. Fig. 5 shows that an increase in the magnetic parameter tends to increase the local
surface concentration, thus decreasing the local Sherwood number. That is because incresing the magnetic
parameter decreases the fluid flow velocity and thus reduces the local convective mass transfer coefficient
between the porous medium and the conic surface. Moreover, comparing the three curves in Fig.5, we can
conclude that as the Lewis number is increased, the local surface concentration tends to decrease, thus increasing
the local Sherwood number.
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Fig. 5 Effects of magnetic parameters on the local surface concentration

Fig.6 plots the variation of the local surface temperature (0) with the thermal stratification parameter
S; for different values of buoyancy ratios N . It is shown in Fig.6 that raising the thermal stratification
parameters leds to lower values of local surface temperatures, thus increasing the local Nusselt number.
Moreover, comparing the four curves in Fig.6, we can deduce that an increase in the buoyancy ratio led to a
decrease in the local surface temperature and thus an increase in the local Nusselt number in the natural
convection flows, because increasing buoyancy ratio tends to accelerate the flow, thinning the thermal boundary
layer and thus increasing the convective heat transfer coefficient between the porous medium and the conic
surface.
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Fig. 6 Effects of thermal stratification parameters on the local surface temperature

Fig.7 plots the variation of the local surface temperature 6'(0) with the mass stratification parameter S;
for different values of buoyancy ratios N . For positive values of buoyancy ratios, increasing the mass
stratification parameter tends to increase the local surface temperature, thus decreasing the local Nusselt number,
as shown in Fig.7 However, for negative values of buoyancy ratios, an increase in the mass stratification
parameter tends to decrease the local surface temperature, thus increasing the local Nusselt number.

Fig.8 shows the local surface concentration ¢(0) as functions of the mass stratification parameter S. for
different values of buoyancy ratios N. It is clearly shown in Fig.8 that increasing the mass stratification
parameter tends to decrease the local surface concentration, thus increasing the local Sherwood number.
Moreover, comparing the four curves in Fig.8, we can deduce that an increase in the buoyancy ratio led to a
decrease in the local surface concentration and thus an increase in the local Sherwood number in the natural
convection flows. That is because increasing buoyancy ratio tends to accelerate the flow, thinning the
concentration boundary layer and thus increasing the convective mass transfer coefficient between the porous
medium and the conic surface.
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Fig. 7 Effects of mass stratification parameters on the local surface temperature
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Fig. 8 Effects of mass stratification parameters on the local surface concentration

Fig.9 plots variation of the local surface concentration ¢(O) with the thermal stratification parameters
magnetic S; for different values of buoyancy ratios N . It is clearly shown in Fig.9 that an increase in the
thermal stratification parameter tends to increase the local surface concentration, thus decreasing the local
Sherwood number.
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Fig. 9 Effects of thermal stratification parameters on the local surface concentration

1. Conclusions

This work studies the magnetic field effects and the double stratification effects on the boundary layer
flow due to natural convection heat and mass transfer over a vertical cone embedded in a porous medium with
constant wall heat and mass fluxes. A similarity analysis is performed, and the obtained similar differential
equations are solved by the cubic spline collocation method. The effects of the magnetic parameter, thermal
stratification parameter, mass stratification parameter, Lewis number, and buoyancy ratio on the heat and mass
transfer characteristics have been studied. As the thermal stratification parameter is increased, the local surface
temperature decreases while the local surface concentration increases. An increase in the mass stratification
parameter tends to decrease the local surface concentration. For positive values of buoyancy ratios, increasing
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the mass stratification parameter tends to increase the local surface temperature, thus decreasing the local

Nusselt number. However, for negative values of buoyancy ratios, an increase in the mass stratification

parameter tends to decrease the local surface temperature, thus increasing the local Nusselt number. Moreover,

increasing the magnetic parameter decreases the local Nusselt number and the local Sherwood number. That is

because incresing the magnetic parameter tends to decrease the fluid flow velocity and thus reduces the heat and

mass transfer coefficients near the conic surface embedded in doubly stratified porous media.
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